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Abstract
The probability to record a twisted photon produced by a cold relativistic particle bunch of charged
particles is derived. The radiation of twisted photons by such particle bunches in stationary electromag-
netic fields and in propagating electromagnetic waves is investigated. Several general properties of both
incoherent and coherent contributions to the radiation probability of twisted photons are established. It
is shown that the incoherent radiation by bunches of particles traversing normally an isotropic dispersive
medium (the edge, transition, and Vavilov-Cherenkov radiations) and by bunches moving in a helical
undulator does not depend on the azimuthal distribution of particles in the bunch and is the same as
for round bunches. As for planar undulators, the incoherent radiation by particle bunches is the same
as for the bunches symmetric under reflection with respect to the axis of a twisted photon detector. At
high energies of recorded twisted photons, this property is universal and holds for the forward incoher-
ent radiation by any cold relativistic particle bunch. The coherent radiation of twisted photons by such
particle bunches obeys the property that we call the addition rule. This rule provides a simple means to
describe the properties of coherent radiation of twisted photons. Furthermore, the strong addition rule
is established for the coherent radiation by sufficiently long helical bunches. The use of this rule allows
one to elaborate superradiant pure sources of twisted photons. The coherent radiation by helical bunches
is considered for the edge, transition, and Vavilov-Cherenkov processes and for particles moving in un-
dulators and plane laser waves with circular polarization. In these cases, the sum rules are deduced for
the total probability to record a twisted photon and for the projection of the total angular momentum
per photon. The explicit expressions for both incoherent and coherent interference factors are derived for
several simple bunch profiles.
1 Introduction
Nowadays there are several experimental techniques to generate twisted photons by bunches of relativistic
charged particles moving in undulators or striking metal foils [1–8]. Surprisingly, a rigorous quantum theory
for the probability of radiation of twisted photons by bunches of particles has barely been developed (see,
however, [9, 10]). The main goal of this paper is to fill this gap. As long as particle bunches contain a huge
number of particles, it is, of course, impossible to find exactly the probability of radiation of twisted photons
by such bunches. Nevertheless, in many practical applications, a good zeroth order approximation is a bunch
of charged particles moving along parallel trajectories, i.e., a cold particle bunch. Therefore, we restrict our
considerations to the study of properties of radiation of twisted photons by such bunches evolving in external
electromagnetic fields. The configuration of the electromagnetic fields is assumed to be of such a form that the
parallel transport of trajectories is a symmetry of the particle equations of motion on the scale of the bunch
waist. In this particular case, we derive the general formula for the probability to record a twisted photon
produced by the particle bunch and investigate some its general properties. Several interesting applications
are also considered.
In the soft X-ray spectral range and below, the twisted photons can be generated indirectly by the usual
means using spatial light modulators, spiral phase plates, diffraction gratings with dislocations, etc (see for
review [11–16]). However, in order to produce hard twisted photons or elaborate a bright source of them,
one has to employ direct processes involving the radiation by bunches of relativistic particles [2–10, 17–35].
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For example, it was shown in [2, 3, 6, 18, 19, 25, 26] that specially designed beams of charged particles
(the helical beams) can be used as a superradiant source of twisted photons when they are launched to an
undulator or hit a metal foil. The generated twisted photons can be used further in various applications
(see, e.g., [11–16, 36–39]) or recorded by a specially designed detector of twisted photons. At the present
moment, there are elaborated several methods to record twisted photons in the X-ray range [40] and below
[41–45]. Thus the knowledge of properties of radiation of twisted photons by bunches of particles can also
be employed for development of new methods of diagnostics of the bunch structure (see [2, 18, 46] for the
examples of such techniques).
Having derived in Sec. 2 the general formulas for probability to record a twisted photon by a cold
relativistic particle bunch, we deduce several general properties of twisted photon radiation produced by
such bunches. In particular, in Sec. 3, we establish a universal property that, at high energies of recorded
twisted photons, the main contribution to probability comes from the even Fourier harmonics of the density
of particles in the bunch with respect to the azimuth angle. The incoherent contribution to the radiation
probability by charged particles in a planar wiggler possesses the same property for arbitrary energies. So,
in these cases, the radiation of twisted photons looks as if it is created by a particle bunch symmetric with
respect to reflection in the detector axis.
Another interesting general property of radiation of twisted photons by particle bunches is the addition
rule. We prove it in Secs. 4.1, 4.4. The addition rule says that the k-th harmonic of the Fourier series of the
particle density with respect to the azimuth angle gives the contribution to the coherent radiation of twisted
photons only with the projection of the total angular momentum m = j+ k, where j is the projection of the
total angular momentum of a twisted photon radiated by one particle moving along the bunch center. Notice
that the particle density with dominant harmonics ±k looks as a helix with k branches. For sufficiently long
helical bunches, the coherent production of twisted photons is possible. In that case, we establish in Sec.
4.1 the strong addition rule asserting that, for the coherent radiation of helical bunches, the spectrum of
twisted photons over m produced by one particle moving along the bunch center is shifted by n, where n
is the signed number of the coherent harmonic. These rules refine and generalize the observations made in
[2, 3, 6, 18, 19, 25, 26] on the properties of radiation produced by helical bunches. The use of these rules
allows one to elaborate the bright pure sources of twisted photons. At present, there are several developed
techniques to manipulate the particle beam profiles in order to generate a coherent radiation (see, e.g.,
[1–3, 5, 6, 8, 18, 19, 25, 26, 47–56]).
In Sec. 3.1, we generalize the sum rules for the incoherent radiation obtained in [10] to the case of an
arbitrary motion of the particle bunch. Furthermore, in Sec. 4.1, considering the radiation produced by
sufficiently long helical bunches, we simplify the general formula for the probability to record a twisted
photon and find the sum rules for the total radiation probability and for the projection of the total angular
momentum per photon. These formulas interpolate between the cases of completely coherent and completely
incoherent radiation. In Secs. 3.5, 4.3, we derive the explicit expressions for the incoherent and coherent
interference factors for simple bunch profiles and investigate their asymptotics.
We use the conventions and notation adopted in [30]. In particular, we use the system of units such that
~ = c = 1 and e2 = 4piα, where α is the fine structure constant.
2 General formulas
2.1 Radiation probability
Let us derive the general formula for the probability to record a twisted photon in the radiation produced
by a bunch of charged particles moving along parallel trajectories. The amplitude of radiation of a twisted
photon is characterized by the helicity s, the projection m of the total angular momentum onto the detector
axis, the projection k3 of the photon momentum onto this axis, and the absolute value of the perpendicular
photon momentum component k⊥. Under the parallel translations by the 4-vector δµ in the spacetime, this
amplitude is transformed as [10, 33]
A(δ; s,m, k3, k⊥) =
∞∑
n=−∞
eik0δ
0−ik3δ3j∗m−n(k⊥δ+, k⊥δ−)A(0; s, n, k3, k⊥), (1)
where A(0; s,m, k3, k⊥) is the initial amplitude. Henceforth, the spatial indices are risen and lowered with the
help of the Euclidean metric δij . We also work in the coordinate system adapted to the detector of twisted
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photons with the axis directed along the unit vector e3 (see for details [30]). The unit vectors {e1, e2, e3} of
this coordinate system constitute a right-hand triple. Besides, we use the notation [30]
δ± := δ1 ± iδ2, (2)
and analogously for other vectors. Notice that formula (1) is a general one and can be employed when the
twisted photon is created by a quantum current. In that case, A(0; s,m, k3, k⊥) depends on the form of the
radiating particle wave packet and takes the quantum recoil into account. If the bunch of N particles moving
along parallel trajectories radiates, then the amplitude is written as
A(s,m, k3, k⊥) =
N∑
a=1
∞∑
n=−∞
eik0δ
0
a−ik3δ3aj∗m−n(k⊥δ
a
+, k⊥δ
a
−)A(0; s, n, k3, k⊥), (3)
where δµa ≡ δµ(ba) and ba specifies the particle position in the bunch with respect to the center of the bunch
(for example, with respect to some distinguished particle) at a given instant of laboratory time. The explicit
expressions for δµ(ba) will be given below.
With the typical number of particles in the bunch, N ∼ 1010, it is impossible to prepare the bunch of
particles with given ba. Therefore, we suppose that the initial particle positions in the bunch can be specified
only with a certain probability density ρ(b1, · · · ,bN ):∫
db1 · · · dbNρ(b1, · · · ,bN ) = 1. (4)
We also assume that the particles are identical and their initial positions in the bunch are uncorrelated, viz.,
ρ(b1, · · · ,bN ) =
N∏
a=1
ρ(ba),
∫
dbρ(b) = 1. (5)
The observables are the expectation values with respect to the distribution ρ(b1, · · · ,bN ). In particular, the
average density of particles at the point b equals∫
db1 · · · dbNρ(b1, · · · ,bN )
N∑
a=1
δ(b− ba) = Nρ(b), (6)
where ρ(b) is the one-particle distribution.
The probability to record a twisted photon by the detector is the amplitude squared (for more details,
see [30]). Averaging the square of amplitude (3) over the distribution (5), we arrive at the natural splitting
of the average radiation probability into the incoherent and coherent contributions
dPρ(s,m, k3, k⊥) =N
∑
n,n′
fm−n,m−n′A(0; s, n, k3, k⊥)A∗(0; s, n′, k3, k⊥)+
+N(N − 1)
∑
n,n′
ϕm−nϕ∗m−n′A(0; s, n, k3, k⊥)A
∗(0; s, n′, k3, k⊥),
(7)
where the incoherent, fmn, and coherent, ϕm, interference factors have been introduced
fmn :=
∫
dbρ(b)j∗m
(
k⊥δ+(b), k⊥δ−(b)
)
jn
(
k⊥δ+(b), k⊥δ−(b)
)
,
ϕm :=
∫
dbρ(b)eik0δ
0(b)−ik3δ3(b)j∗m
(
k⊥δ+(b), k⊥δ−(b)
)
.
(8)
It is clear that
fmn = f
∗
nm = (−1)m+nf−n,−m. (9)
The last equality follows from relation [(A5), [30]]. So long as ρ(b) is nonnegative, fmn is Hermitian positive-
definite.
In fact, it is assumed in (7) that the initial state of the bunch of particles is described by the mixed state
characterized by the probability distribution (5) and almost the same initial momenta. If A(0; s, n, k3, k⊥)
describes the amplitude of twisted photon production by a quantum current, then the use of formula (7)
corresponds to the approximation implying that the quantum correlations of particles in the bunch are
negligible and the particle wave packets are obtained from each other by a parallel transport. In itself, the
coherent contribution in (7) can be employed for a semiclassical description of radiation generated by the
wave packet of one particle provided the momenta of modes constituting the wave packet are almost the
same and, in radiating twisted photons, the quantum recoil is negligibly small.
3
2.2 Particular cases
Let us find the explicit expressions for δµ(b) in two particular cases. Consider, at first, the motion of a bunch
of identical particles in the field that is invariant with respect to translations with the parameter
δµ = (δ0, δ), ξδ = 0, (10)
in the region of spacetime occupied by the bunch. Here ξ = (0, sin θ, cos θ) characterizes the direction along
which the field changes rapidly on the bunch scale. The typical example of the field, which is invariant
with respect to translations (10), is the stationary electromagnetic field of undulator with the axis directed
along ξ, provided the transverse size of the particle bunch is sufficiently small. Another example of such a
field is a homogeneous medium with nontrivial permittivity. In this case, the vector ξ is a normal to the
vacuum-medium interface at the points where the bunch enters and exits the medium.
When the bunch moves in the region where the external field is absent, i.e., before the interaction with
this field, the trajectory yµ(x0) of the particle in the bunch with the coordinate b with respect to the center
of the bunch at a given instant of laboratory time can be obtained by translation (10) from the central
trajectory xµ(x0) as
x(x0)→ y(x0) = x(x0) + δ = x(0) + βx0 + δ, x0 → y0(x0) = x0 + δ0, (11)
where β is the particle velocity before interaction with the field. Setting x(0) = 0, y(x0) = b, and y0(x0) = 0,
and using (10), we obtain the system of equations for δµ. Its solution is given by
δ0 = −ξb
ξβ
= − b2 tg θ + b3
β2 tg θ + β3
, δ+ = b+ − β+ ξb
ξβ
, δ3 =
β2b3 − β3b2
β2 tg θ + β3
tg θ. (12)
In virtue of the assumption about the structure of the external field, transformations (12) are the symmetry
transformations and map the solution of particle equations of motion to the solution of equations of motion
in the given field. Recall we suppose that the interaction between particles in the bunch is negligible on the
radiation formation scale.
Another interesting class of translations is comprised by translations with the parameter δµ subject to
the condition
ξµδ
µ = 0, ξµ = (1, ξ), ξ2 = 1, (13)
where one can choose ξ = (0, sin θ, cos θ). We suppose that the external field varies weakly under the trans-
lations δµ in the region of spacetime occupied by the bunch. For example, such a field corresponds to the
field of a plane (in the vicinity of the bunch) electromagnetic wave propagating along the vector ξ. The joint
solution of (11), (13) is
δ0 =
ξb
1− ξβ , δ = b + β
ξb
1− ξβ . (14)
These translations are the symmetry transformations of the particle equations of motion in the region of
localization of the bunch.
Let us consider the coherent interference factor (8) in more detail. Introducing
k⊥ := k⊥(sinψ, cosψ, 0), k := (k⊥, k3), (15)
and employing integral representation [(A8), [30]] of the Bessel functions, we find
ϕm =
∫ pi
−pi
dψ
2pi
eimψ
∫
dbρ(b)eik0δ
0(b)−ikδ(b) =
∫ pi
−pi
dψ
2pi
eimψ
∫
dbρ(b)eik0[δ
0(b)−nδ(b)], (16)
where n := k/k0. In the cases discussed above, δµ is a linear function of b. Hence,
k0[δ
0(b)− nδ(b)] = k0(δ0i − nδi)bi. (17)
If ρ(b) is an infinitely differentiable function absolutely integrable with all its derivatives, then by the
Riemann-Lebesgue lemma the Fourier transform appearing in (16) tends to zero faster than any inverse
power of
k20
∑
i
(δ0i − nδi)2 (18)
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as (18) tends to infinity.
As for translations (12), condition (18) is equivalent to k0 →∞ for any n when ξβ 6= 0. In this case, ϕm
tends to zero faster than any power of k−10 as k0 → ∞. As regards the translations (14), condition (18) is
equivalent to k0 →∞ only for the vectors n 6= ξ. In this case, ϕm tends to zero faster than any power of k−10
as k0 →∞ provided ξ does not coincide with n for any azimuth angle ψ, i.e., the vector ξ does not belong
to the cone directed along the detector axis e3 with the aperture 2 arctg n⊥. We shall show below that the
incoherent interference factor (8) decreases as a power at large k0. Therefore, the incoherent contribution
dominates in (7) for sufficiently large energies of detected photons.
Forward radiation. Further, we restrict our considerations to the case when one can set θ = {0, pi} and
β⊥ := |β+| = 0. We call such a situation as forward radiation. It follows from the explicit expressions for the
interference factors (8) that, in the case (12), it is necessary to assume that β⊥∆θ  β3 and
k0
σ⊥∆θ
β3
 1, k0σ3β⊥∆θ
β23
 1,
k0n3σ⊥∆θ  1, k0n3σ3β⊥∆θ
β3
 1,
k0
n⊥σ⊥β⊥∆θ
β3
 1, k0n⊥σ3β⊥
β3
 1,
(19)
where σ3 and σ⊥ are the typical sizes of the bunch along the axis e3 and in the transverse directions,
respectively, β⊥ is the deviation of β⊥ from zero, and ∆θ  1 is the deviation of the angle θ from the values
specified above. As for the incoherent interference factor, one needs only the fulfillment of the conditions on
the third line and β⊥∆θ  β3. Notice that the fulfillment of the first condition on the first line implies the
fulfillment of the first condition on the third line.
In the ultrarelativistic regime, γ  1, in the region where the main part of radiation is concentrated, the
following estimates hold (see, e.g., [30])
|β±| ≡ β⊥ . κ/γ, |β3| ≈ 1, |n⊥| . κ/γ, n3 ≈ 1, (20)
where κ := max(1,K), K := 〈β⊥〉γ, and 〈β⊥〉 is a typical value of β⊥ during the evolution. Therefore, for
the coherent interference factor, we have to demand ∆θ  1 and
k0σ⊥∆θ  1, k0β⊥σ3∆θ  1, k0κ
γ
β⊥σ3  1. (21)
For the incoherent interference factor, we obtain the conditions
k0
κ
γ
β⊥σ⊥∆θ  1, k0κ
γ
β⊥σ3  1, (22)
and ∆θ  1.
As regards the field configurations invariant with respect to translations (14), one can set θ = {0, pi} and
β⊥ = 0, provided
β⊥∆θ
1− ζβ3  1, (23)
and
k0
σ⊥∆θ
1− ζβ3  1, k0
σ3β⊥∆θ
(1− ζβ3)2  1,
k0
n3β3σ⊥∆θ
1− ζβ3  1, k0
n3β3σ3β⊥∆θ
(1− ζβ3)2  1,
k0
n⊥σ⊥β⊥∆θ
1− ζβ3  1, k0
n⊥σ3β⊥
1− ζβ3  1,
(24)
where ζ = cos θ = ±1. For the incoherent interference factor, it is only necessary the fulfillment of (23) and
the conditions on the third line of (24). The first condition on the third line of (24) follows from the first
condition in (24).
In the ultrarelativistic regime, the cases ζ = ±1 have to be considered separately. For ζ = 1, in case of
the coherent interference factor, we obtain
2β⊥γ2
1 + β2⊥γ2
∆θ  1, (25)
5
and
k0
2γ2
1 + β2⊥γ2
σ⊥∆θ  1, k0 4β⊥γ
4
(1 + β2⊥γ2)2
σ3∆θ  1, k0κ
2β⊥γ
1 + β2⊥γ2
σ3  1, (26)
where we have taken into account that the main part of radiation is concentrated at n⊥ ∼ 1/(γκ) [34]. As
for the incoherent interference factor, one needs the fulfillment of (25) and
k0
κ
2β⊥γ
1 + β2⊥γ2
σ⊥∆θ  1, k0κ
2β⊥γ
1 + β2⊥γ2
σ3  1. (27)
For ζ = −1, in case of the coherent interference factor, we have
β⊥∆θ/2 1, (28)
and
k0σ⊥∆θ/2 1, k0β⊥σ3∆θ/4 1, k0κβ⊥σ3/(2γ) 1. (29)
In this case, the main part of radiation is concentrated at n⊥ ∼ κ/γ [34]. As for the incoherent interference
factor, the conditions when one can take θ = pi and β⊥ = 0 become
k0κβ⊥σ⊥∆θ/(2γ) 1, k0κβ⊥σ3/(2γ) 1, (30)
provided (28) is satisfied.
3 Incoherent interference factor
3.1 Sum rules
Let us consider separately the properties of the incoherent interference factor. As was discussed above, at large
energies of detected photons, the main contribution to probability (7) comes from the first term depending
on the incoherent interference factor,
dPncρ (s,m, k3, k⊥) := N
∑
n,n′
fm−n,m−n′A(0; s, n, k3, k⊥)A∗(0; s, n′, k3, k⊥). (31)
In this case, the following sum rule holds [10]:
dPncρ (s, k3, k⊥) :=
∞∑
m=−∞
dPncρ (s,m, k3, k⊥) = N
∞∑
m=−∞
dP1(s,m, k3, k⊥), (32)
where dP1(s,m, k3, k⊥) is the probability of twisted photon radiation by one charged particle. This sum rule
is a consequence of the relation
∞∑
m=−∞
fm−n,m−n′ = δn,n′ . (33)
Furthermore, the another sum rule is satisfied:
dJnc3ρ (s, k3, k⊥) :=
∞∑
m=−∞
mdPρ(s,m, k3, k⊥) = NdJ31(s, k3, k⊥)+
+N Re
∞∑
n=−∞
A(0; s, n, k3, k⊥)A∗(0; s, n− 1, k3, k⊥)
∫
dbρ(b)k⊥δ+(b), (34)
where dJnc31 (s, k3, k⊥) is the average value of projection of the total angular momentum of twisted photons
produced by one charged particle.
If the last term in (34) vanishes, then
dJnc3ρ (s, k3, k⊥) = NdJ31(s, k3, k⊥), `
nc
ρ (s, k3, k⊥) :=
dJnc3ρ (s, k3, k⊥)
dPncρ (s, k3, k⊥)
= `1(s, k3, k⊥). (35)
The last term in (34) can be zero due to a special symmetry of the bunch or due to properties of the one-
particle radiation amplitude of twisted photons (see [10]). For example, the last term in (34) vanishes with
good accuracy for the forward undulator radiation in the dipole regime, for the forward radiation of ideal
helical and planar wigglers, and for the radiation of particles moving strictly along the axis of a twisted
photon detector.
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3.2 Forward radiation
Now we turn to the case θ = {0, pi} and β⊥ = 0. In both cases (12) and (14), we have
fmn =
∫
dbρ(b)j∗m(k⊥b+, k⊥b−)jn(k⊥b+, k⊥b−). (36)
Let b⊥ := (b1, b2) and
ρ¯(b⊥) :=
∫
db3ρ(b). (37)
We suppose that this integral converges absolutely and uniformly with respect to b⊥. Then, if ρ(b) is an
infinitely differentiable function, then ρ¯(b⊥) is also infinitely differentiable.
The function ρ¯(b⊥) can be developed as a Fourier series with respect to the azimuth angle
ρ¯(b⊥) =
∞∑
n=−∞
cn(b⊥/σ⊥)einψ, c∗n = c−n, (38)
where σ⊥ specifies the transverse size of the bunch. As long as ρ¯(b⊥) > 0, the matrix cn−k is Hermitian
positive-definite. It follows from the explicit expression for cn in terms of ρ¯(b⊥) that ρ¯(b⊥) is infinitely
differentiable at b⊥ = 0, only if
cn(r) = r
|n|c¯n(r2), (39)
where c¯n(y) are infinitely smooth functions for y ∈ [0,∞). The normalization condition for the probability
density (5) becomes
2piσ2⊥
∫ ∞
0
drrc0(r) = 1. (40)
Substituting (38) into (36), we obtain
fmn(x) = 2piσ
2
⊥
∫ ∞
0
drrcm−n(r)Jm(xr)Jn(xr), (41)
where x := k⊥σ⊥. In the particular case of axially symmetric bunches, when cn = 0 for n 6= 0, we arrive at
the incoherent interference factor,
fmn(x) = δmnfm(x), (42)
studied in [10]. Notice that the round bunches are created, for example, in the electron-positron collider
VEPP-2000, Novosibirsk [57]. In a general case, fmm(x) = fm(x).
3.3 Examples
Let us consider several interesting particular cases. The first one is the forward radiation of an ideal helical
wiggler with the helicity χ = ±1 or the forward radiation produced by charged particles in the laser wave
with circular polarization and smooth envelope. In this case, the radiation of twisted photons by one particle
obeys the selection rulem = χn [4, 5, 7, 8, 10, 17, 28–30, 33–35], where n is the harmonic number of radiation.
Hence, the probability of incoherent radiation produced by a bunch of particles at the n-th harmonic takes
the form
dPncρ (s,m, k3, k⊥) = Nfm−χn,m−χndP1(s, χn, k3, k⊥). (43)
The incoherent interference factor appearing in this expression,
fm−χn,m−χn(x) = fm−χn(x), (44)
is determined only by the harmonic c0 of the Fourier series (38). To put it differently, in this case the
probability of incoherent radiation of twisted photons does not depend on the angular distribution of particles
in the bunch and is the same as for an axially symmetric bunch [10]. The total probability (7) simplifies to
dPρ(s,m, k3, k⊥) =
[
Nfm−χn +N(N − 1)|ϕm−χn|2
]
dP1(s, χn, k3, k⊥). (45)
The coherent contribution depends only on the harmonic c˜m−χn of the Fourier series of the probability
density ρ(b) with respect to the azimuth angle. This is a particular manifestation of the addition rule that
will be discussed in Sec. 4.
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Figure 1: The probability of the forward radiation of twisted photons for a uniform Gaussian bunch of electrons in the wiggler
at the fifth harmonic. The one-particle probability distribution has the form (68), (74) with σ3 = 150 µm (duration 0.5 ps),
σ⊥ = 125 µm, hx = 0.1, hy = 0.05, the eccentricity is 0.9, which corresponds to εx = 1.77 and εy = 0.77. The number of particles
in the bunch is 3×108. The coherent contribution to radiation is negligible in this case. The left inset is the one-particle radiation
probability distribution over m. The right inset shows η := (dPρ − dPρe)/dPρ, where dPρ is the radiation probability for the
initial particle bunch and dPρe is the radiation probability for the same bunch but where only even Fourier harmonics with
respect to the azimuth angle are retained. On the left panel: The helical wiggler is considered. The Lorentz factor is γ = 700,
the undulator strength parameter is K = 5, and the undulator period is λ0 = 10 cm. The particle moving long the center of the
bunch enters the undulator at the offset x0 = 160 µm from the undulator axis. We see on the right inset that, at large photon
energies, the contribution of odd Fourier harmonics (74) is suppressed. As follows from the sum rule (35), the projection of
the total angular momentum per photon does not depend on the bunch profile and is the same as for radiation created by one
particle moving along an ideal helix with the axis coinciding with the detector axis. On the right panel: The planar wiggler is
considered. The Lorentz factor is γ = 100, the undulator strength parameter is K = 5, and the undulator period is λ0 = 10
cm. The contribution of odd Fourier harmonics of (68) is negligible. The projection of the total angular momentum per photon
does not depend on the bunch profile and is the same as for the radiation created by one particle.
The same properties are inherent to the radiation produced by charged particles moving strictly along the
detector axis. The radiation by one particle moving along the detector axis consists of the twisted photons
with m = 0 [33]. Therefore, in this case the incoherent radiation and the total radiation have the form (43),
(45), respectively, with n = 0. Such a situation is realized, for example, for the edge radiation [58–66] of a
charged particle that stops instantaneously or starts to move along the detector axis, for a charged particle
falling normally onto an ideally conducting plate, and for a charged particle moving along the detector
axis in an isotropic medium – the Vavilov-Cherenkov (VCh) and transition radiations [62, 63]. The detailed
investigation of radiation of twisted photons by charged particles moving in an isotropic dispersive medium
will be given elsewhere [67].
In the case of the forward radiation of a planar wiggler, it was shown in [30] that the radiation of twisted
photons obeys the selection rule: m + n is an even number, where n is the harmonic number. Substituting
this condition into (31), it is easy to see that the incoherent radiation of twisted photons by a bunch of
particles in this wiggler is determined solely by the even Fourier harmonics ck. The incoherent radiation is
such as if it is created by a particle bunch symmetric with respect to reflection b⊥ → −b⊥.
In the case of the forward undulator radiation in the dipole regime, the main part of radiation consists
of the twisted photons with m = ±1 [30]. Then
dPncρ (s,m, k3, k⊥) = N
{
fm−1,m−1dP1(s, 1, k3, k⊥) + fm+1,m+1dP1(s,−1, k3, k⊥)+
+ 2 Re
[
fm−1,m+1A(0; s,−1, k3, k⊥)A∗(0; s, 1, k3, k⊥)
]}
. (46)
Therefore, the incoherent forward radiation in the dipole regime is determined only by the Fourier harmonics
c0 and c±2.
3.4 Asymptotics
Consider the asymptotics of (41) at large and small x. It is clear that
f00(0) = 1; fmn(0) = 0, m 6= 0, n 6= 0. (47)
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Expanding the product of two Bessel functions in a Taylor series [68], we deduce
fmn(x) = 2piσ
2
⊥
∞∑
k=0
(−1)k
k!
(x
2
)m+n+2k (m+ n+ k + 1)k
Γ(m+ k + 1)Γ(n+ k + 1)
∫ ∞
0
drrm+n+2k+1cm−n(r), (48)
where (n)k is the Pochhammer symbol and it is assumed that ck(r) tend to zero at infinity faster than any
power of r−1.
In order to find the asymptotics of fmn(x) at large x, we shall employ the procedure expounded, for
example, in [69–71]. It is convenient to consider the interference factor fm,m−k instead of fmn. Then the
Mellin transform of the product of two Bessel functions entering into (41) has the form [72]∫ ∞
0
drrν−1Jm(xr)Jm−k(xr) =
(2
x
)ν Γ(1− ν)Γ(m+ (ν − k)/2)
2Γ
(
1− (ν + k)/2)Γ(1− (ν − k)/2)Γ(1 +m− (ν + k)/2) , (49)
where Re ν < 1 and Re ν > k − 2m. We assume for a while that k − 2m < 1/2. In that case,
fm,m−k(x) = 2piσ2⊥
∫
C
dµ
2pii
(2
x
)µ Γ(1− µ)Γ(m+ (µ− k)/2)Mk(2− µ)
2Γ
(
1− (µ+ k)/2)Γ(1− (µ− k)/2)Γ(1 +m− (µ+ k)/2) , (50)
where the contour C runs from below upwards in the strip k − 2m < Reµ < 1 and
Mk(ν) :=
∫ ∞
0
drrν−1ck(r), (51)
which is understood in the sense of analytic continuation for those ν where integral (51) diverges (for details,
see [69–71, 73]). The asymptotic expansion of fm,m−k at large x is obtained by shifting the integration
contour in (50) to the right with the account for singularities of the integrand. The singularities of the
gamma function and its expansion in the vicinity of these singularities are well known. The singularities of
the function Mk(ν) and its expansion near them can also be found explicitly [69–71, 73].
Let µ = µ′ + iµ′′ on the contour C. The integral (50) converges for x > 0, provided
µ′ < 1/2 + εk(µ′), (52)
where ε(µ′) is the decrease power of Mk(2− µ) on the contour C, viz.,
|Mk(2− µ)|C < c|µ′′|−εk(µ′), (53)
where c is some constant. If ck(r) tend to zero at infinity faster than any power of r−1 and are expandable in
the Taylor series in the vicinity of r = 0, then εk(µ′) > 0 and the function Mk(ν) possesses the singularities
in the form of simple poles at the points ν = −n, n = 0,∞, with the residues [69–71, 73]
res
ν=−nMk(ν) = c
(n)
k (0)/n!. (54)
One can shift the contour C to the right so long as the integral over µ is converging. Further, we additionally
assume that ck(r) are infinitely differentiable and tend to zero with all their derivatives faster than any
power of r−1 at infinity. In that case, employing the Riemann-Lebesgue lemma, one can readily show that
|Mk(2 − µ)| vanishes faster than any power of |µ′′|−1 as |µ′′| → ∞, i.e., εk(µ′) = ∞. Then the integration
contour C can be moved to the right up to infinity.
In virtue of uniqueness of the analytic continuation, the asymptotic expansion obtained above is also
valid in the domain k − 2m > 1/2. We will not derive the complete asymptotic expansion and give only the
leading asymptote for large x. In the case ck(0) 6= 0, we deduce
fm,m−k ' 2piσ2⊥
{cos pik2
pix
∫ ∞
0
drck(r) +
k(2m− k)
2pix2
sin
pik
2
[ ∫ 1
0
dr
r
(ck(r)− ck(0)) +
∫ ∞
1
dr
r
ck(r)+
+
ck(0)
2
[
ln
x2
4
+ 2ψ(2)− ψ(1 +m− k/2)− ψ(m− k/2)− ψ(k/2)− ψ(−k/2)]]}+ · · · , (55)
where ψ(x) := Γ′(x)/Γ(x). If ck(0) = 0, then
fm,m−k ' 2piσ2⊥
{cos pik2
pix
∫ ∞
0
drck(r) +
k(2m− k)
2pix2
sin
pik
2
∫ ∞
0
dr
r
ck(r)
}
+ · · · . (56)
As we see, the contribution of even Fourier harmonics ck to the probability of incoherent radiation dies out
slower than the contribution of odd harmonics for large x. Therefore, at large energies of recorded twisted
photons, the radiation will look as if it is created by a particle bunch invariant under reflection b⊥ → −b⊥
(see Figs. 1, 2, 3).
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Figure 2: The same as in Fig. 1 but for radiation created by the electron bunch with γ = 100 in head-on collision with the
circularly polarized electromagnetic wave produced by Ti:Sa laser with the intensity 1022 W/cm2, the photon energy Ω = 1.53
eV, and the amplitude envelope f0 sin4(Ωξ/(2N)) with N = 20 (see the notation in [34]). The third harmonic is considered.
The contribution of coherent radiation is negligible. The contribution of odd Fourier harmonics (74) is strongly suppressed. The
projection of the total angular momentum per photon does not depend on the bunch profile and is the same as for the radiation
created by one particle.
Generating function. It is not difficult to obtain the generating function for the incoherent interference
factors ∞∑
m=−∞
tmfm,m−k(x) = (−1)k(−t)k/2ϕ¯k
(
x
1− t√−t
)
, (57)
where the principal branches of multivalued functions are taken and
ϕ¯k(y) := 2piσ
2
⊥
∫ ∞
0
drrck(r)Jk(yr). (58)
The function ϕ¯k(y) is related to the coherent interference factor (89) for helical bunches. In particular, for
t = 1, we obtain the sum rule (33). Formula (57) implies the integral representation
fm,m−k(x) = (−1)k
∫
C′
dt
2pii
t−m−1(−t)k/2ϕ¯k
(
x
1− t√−t
)
, (59)
where the integration is carried out along the closed contour C ′ going in the positive direction around the
point t = 0 and lying in the ring of analyticity of the integrand.
3.5 Explicit expressions
Let us obtain the explicit expressions for fmn(x) for some typical bunch profiles. These profiles allow one
to simulate the real particle bunches and to demonstrate explicitly the main properties of the interference
factors.
a) Uniform distribution
ck(r) =
αk
piσ2⊥
r|k|θ(1− r), (60)
where αk = α∗−k ∈ C are some constant such that the matrix ck−n(r) is Hermitian positive-definite. The
normalization condition leads to α0 = 1. The form of distribution (60) is the simplest one that complies with
(39) and vanishes for r > 1. When m > 0, it follows from (41) that
fm,m−k =

αk
1 + k
[
Jm(x)Jm−k(x)− Jm+1(x)Jm−k−1(x)
]
, k > 0;
αk
1− k
[
Jm(x)Jm−k(x)− Jm−1(x)Jm−k+1(x)
]
, k < 0,
(61)
where x = k⊥σ⊥. As regards the negative values of m, the interference factor can be obtained with the aid
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of the symmetry property (9). For small x and m > 0, we have
fm,m−k =

αk(−1)m+k
(k + 1)m!(k −m)!
(x
2
)k
+ · · · , k > m;
αk
(m+ 1)!(m− k)!
(x
2
)2m−k
+ · · · , m > k > 0;
αk
m!(m− k + 1)!
(x
2
)2m−k
+ · · · , k < 0.
(62)
For x max(1, |m|, |k|), m > 0, the asymptotics reads
fm,m−k ' αk

2 cos pik2
pix(1 + k)
+
(2m− k) sin pik2 − (−1)m cos(pik2 + 2x)
pix2
+ · · · , k > 0;
2 cos pik2
pix(1− k) −
(2m− k) sin pik2 + (−1)m cos(pik2 + 2x)
pix2
+ · · · , k < 0.
(63)
Notice that, in the case at issue, the assumptions that were used to derive general formulas (55), (56) for
the asymptotic expansion of the interference factor at large x are not satisfied. Therefore, (63) does not
coincide with (55), (56). General formulas (55), (56) reproduce only the powerlike part of the asymptotics.
Nevertheless, just as for (55), (56), the contribution of the odd Fourier harmonics is suppressed in comparison
with the contribution of the even Fourier harmonics at large x.
b) Gaussian bunch
ck(r) =
αk
2piσ2⊥
r|k|e−r
2/2. (64)
The normalization condition leads to α0 = 1. As in the previous example, distribution (64) is the simplest
expression complying with (39) and possessing the Gaussian profile. For m > 0, we have
fm,m−k = αk

2k−mx2m−k
(m− k)! F (m− k/2 + 1/2,m− k/2 + 1;m− k + 1, 2m− k + 1;−2x
2), k > 0;
2−mx2m−k
m!
F (m− k/2 + 1/2,m− k/2 + 1;m+ 1, 2m− k + 1;−2x2), k < 0.
(65)
For small x, m > 0, we come to
fm,m−k = αk

(−1)m+kk!
m!(k −m)!x
k + · · · , k > m;
2k−m
(m− k)!x
2m−k + · · · , m > k > 0;
2−m
m!
x2m−k + · · · , k < 0.
(66)
Recall that, for negative m, the expression for fmn can be obtained by means of relation (9). The asymptotics
for x max(1, |m|, |k|), m > 0, reads
fm,m−k ' αk

2(k−1)/2
Γ
(
(1− k)/2)x + 2k/2−1(k − 2m)Γ(−k/2)x2 + · · · , k > 0;
2−(k+1)/2
Γ
(
(1 + k)/2
)
x
+
2−k/2−1(k − 2m)
Γ(−k/2)x2 + · · · , k < 0.
(67)
This expansion coincides with general formula (56).
To be more specific, we consider the Gaussian bunch of the form
ρ(b) =
1
(2pi)3/2σ3σxσy
e−b
2
3/(2σ
2
3)−(bx−σxhx)2/(2σ2x)−(by−σyhy)2/(2σ2y). (68)
Hence,
ρ¯(b⊥) =
1
2piσxσy
e−(bx−σxhx)
2/(2σ2x)−(by−σyhy)2/(2σ2y). (69)
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Figure 3: On the left panel: The integrated one-particle probability density 2piσ2⊥ρ¯(b⊥) (37) for (64) with the parameters
taken as in Fig. 1. The lengths are measured in the Compton wavelengths. On the right panel: The same as on the left panel
but ρ¯(b⊥) contains only even Fourier harmonics. It is clear that the symmetry property ρ¯(−b⊥) = ρ¯(b⊥) is fulfilled.
The shift hx,y of the bunch center leads to the appearance of nonzero odd harmonics in the Fourier series
(38). Introducing the notation
σ−2⊥ :=
1
2
(σ−2x + σ
−2
y ), ε
2
x :=
σ2x
σ2⊥
=
1
2
(
1 +
σ2x
σ2y
)
, ε2y :=
σ2y
σ2⊥
=
1
2
(
1 +
σ2y
σ2x
)
,
ε−2x + ε
−2
y = 2,
(70)
and employing the relation
ez cosψ =
∞∑
k=−∞
Ik(z)e
ikψ, (71)
where In(z) are the modified Bessel functions of the first kind, the Fourier coefficients (38) can easily be
found
cn =
e−b2⊥/(2σ2⊥)
2piεxεyσ2⊥
e−h
2
⊥/2
∞∑
k=−∞
Ik
( b2⊥
4σ2⊥
(ε−2y − ε−2x )
)
In−2k
( b⊥
σ⊥
(h2x/ε
2
x + h
2
y/ε
2
y)
1/2
)
ei(n−2k)φ, (72)
where φ = arg(hx/εx − ihy/εy). Further, we assume that
|εx − 1|  1, |εy − 1|  1, h2x  1, h2y  1. (73)
Then, in the leading order, we have
c0 =
e−b2⊥/(2σ2⊥)
2piσ2⊥
,
cn =
e−b2⊥/(2σ2⊥)
2piσ2⊥
( b⊥
2σ⊥
)|n|[einφ
|n|!
(h2x
ε2x
+
h2y
ε2y
)|n|/2
+
δn,2k
|k|!
(ε−2y − ε−2x
2
)|k|]
, n 6= 0.
(74)
These Fourier harmonics have the form (64), and so the formulas above are applicable. The form of this
bunch is presented in Figs. 3, 5.
c) Exponential profile
ck(r) =
αk
2piσ2⊥
r|k|e−r. (75)
The normalization condition gives α0 = 1. The Fourier coefficients ck(r) are not of the form (39). The
contribution of every ck(r) to series (38) is a function that is only |k| times continuously differentiable at
the point b⊥ = 0. Therefore, the probability density ρ¯(b⊥) is only a continuous function. Its first derivative
has a discontinuity at the point b⊥ = 0. We investigate such a profile because it is a limit of the generalized
exponential profile (see below) and, unlike the latter, for this profile fmn can be found explicitly in terms of
the known special functions.
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Figure 4: The normalized incoherent interference factor fm,m−k(x)/αk for the Gaussian bunch at different m and k.
For m > 0, we have
fm,m−k = αk

21+kΓ(m+ 3/2)
xk−2m
√
pi(m− k)!F (m+
3
2 ,m− k−12 ,m− k2 + 1;m− k + 1, 2m− k + 1;−4x2), k > 0;
21−kΓ(m− k + 3/2)
xk−2m
√
pim!
F (m− k + 32 ,m− k−12 ,m− k2 + 1;m+ 1, 2m− k + 1;−4x2), k < 0.
(76)
For small x, m > 0, we deduce
fm,m−k = αk

(−1)m+k(2k + 1)!
m!(k −m)!
(x
2
)k
+ · · · , k > m;
21+kΓ(m+ 3/2)√
pi(m− k)! x
2m−k + · · · , m > k > 0;
21−kΓ(m− k + 3/2)√
pim!
x2m−k + · · · , k < 0.
(77)
The asymptotics for x max(1, |m|, |k|), m > 0, takes the form
fm,m−k ' αk

k!
pix
cos pik2 +
(2m− k)k!
2pix2
sin pik2 + · · · , k > 0;
|k|!
pix
cos pik2 −
(2m− k)|k|!
2pix2
sin pik2 + · · · , k < 0.
(78)
The leading terms of the expansion are in agreement with general formula (56).
d) Generalized exponential profile
ck(r) =
αk
2piσ2⊥
r|k|e−
√
λ2+r2 , λ > 0. (79)
The normalization condition is reduced to
α0 =
eλ
1 + λ
. (80)
The expression (79) has the form (39) and tends to zero at infinity as an exponent (for the wave packets with
such an asymptote, see, e.g., [74, 75]). When λ→ 0, the exponential profile considered above is reproduced.
Unfortunately, we did not succeed in finding a closed expression for the integral
fm,m−k = αk
∫ ∞
0
drr|k|+1e−
√
λ2+r2Jm(xr)Jm−k(xr) (81)
in terms of known special functions. The Mellin transform (51) is written as [68]
Mk(ν) =
αk
2
√
pi
Γ
( |k|+ ν
2
)
(2λ)(|k|+ν+1)/2K(|k|+ν+1)/2(λ). (82)
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In particular, this formula and (40) entail the normalization condition (80). Substituting (82) into (50), we
obtain the Mellin-Barnes representation for fmn. Formulas (59), (132) provide another one integral represen-
tation for fmn.
For small x, m > 0, it follows from (48), (82) that
fm,m−k =
αk
2
√
pi

(−1)m+kk!
m!(k −m)!
(x
2
)k
(2λ)k+3/2Kk+3/2(λ) + · · · , k > m;
Γ(m+ 1 + (|k| − k)/2)
(m− k)!
(x
2
)2m−k
(2λ)m+3/2+(|k|−k)/2Km+3/2+(|k|−k)/2(λ) + · · · , k 6 m.
(83)
The Macdonald functions entering into this expression are expressed through elementary functions. According
to (56), (82), the asymptotics for x max(1, |m|, |k|), m > 0, reads
fm,m−k ' αk
2
√
pi
[1
x
(2λ)|k|/2+1
Γ
(
(1− |k|)/2)K|k|/2+1(λ) + |k|(2m− k)2x2 (2λ)(|k|+1)/2Γ(1− |k|/2)K(|k|+1)/2(λ)]+ · · · . (84)
When λ = 0, formulas (83), (84) turn into (77), (78).
4 Coherent interference factor
As for the coherent interference factor, we investigate only the case θ = {0, pi}, β⊥ = 0 (the forward radiation)
for helical bunches. We call the bunch helical if the one-particle probability distribution has the form
ρ(b) = F (b3)ρ0(b) = F (b3)
∞∑
n=−∞
cn(b⊥/σ⊥)ein(ψ+2piχb3/δ), c∗n = c−n, (85)
where ψ is the azimuth angle, χ = ±1 specifies the handedness of the bunch, δ is the helix pitch in the labo-
ratory reference frame, and σ⊥ defines the transverse size of the bunch. If ρ0(b) is an infinitely differentiable
function, then cn(r) are of the form (39). The probability density ρ0(b) does not change under rotations
around the detector axis by an angle of ψ and simultaneous translations along this axis by −χψδ/(2pi).
Taking ∫
db3F (b3) = 1, (86)
the normalization condition for ρ(b) is reduced to (40). These bunches provide a generalization of axially
symmetric bunches for which the radiation of twisted photons was considered in [10]. Nowadays, there are
several techniques to create such bunches [2, 3, 6, 18, 19, 25, 26, 76–78]. The helical bunches were used in
[3] for generation of twisted photons by undulators at the first harmonic.
Notice that the incoherent radiation of twisted photons by helical bunches is described by formulas of
the previous section with
ρ¯(b⊥) =
∞∑
n=−∞
F˜ (−2piχn/δ)cn(b⊥/σ⊥)einψ, (87)
where
F˜ (p) :=
∫
db3e
−ib3pF (b3), F˜ (0) = 1, (88)
The total probability to record a twisted photon (7) is a sum of the incoherent and coherent contributions.
4.1 Stationary fields
Let us consider, at first, the case of helical bunches moving in the field invariant with respect to translations
(12). The coherent interference factor (8) for the forward radiation is given by
ϕm = F˜ (k0/β3 − 2piχm/δ)ϕ¯m(k⊥σ⊥), (89)
where ϕ¯m(y) is defined in (58). The amplitude of the coherent radiation is written as (see (7))
Aρ(s,m, k3, k⊥) =
∞∑
j=−∞
F˜
(
k0/β3 − 2piχ(m− j)/δ
)
ϕ¯m−j(k⊥σ⊥)A(0; s, l, k3, k⊥). (90)
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Figure 5: On the left panel: The surface of constant one-particle probability density (85) with dominant harmonics c0 and
c±3. On the right panel: The surface of constant one-particle probability density (85) with the parameters used in Fig. 9.
If in addition to the zeroth harmonic of the Fourier expansion (85), which is always present, the harmonics
with the numbers ±k dominate such that
cn ≈ 0, n 6= ±k, n 6= 0, (91)
then the lines of the spectrum over m of the coherent radiation produced by such a bunch are split up as
compared to the one particle radiation spectrum. For example, if one launches such a bunch into a right-
handed helical wiggler, where the one-particle radiation at the n-th harmonic obeys the selection rule m = n,
then, at this harmonic, the coherent radiation of twisted photons with m = {n−k, n, n+k} will be observed.
The probability density ρ0(b) with dominant harmonics ±k looks as a helix with k branches (see Fig. 5).
In general, one can formulate the following addition rule: the harmonic ck of the Fourier series (85) gives
the contribution to the coherent radiation of twisted photons only with m = j + k, where j is the projection
of the total angular momentum of a twisted photon radiated by one particle moving along the center of
the bunch. This rule holds for an arbitrary cold relativistic particle bunch (see Sec. 4.4), not just for helical
bunches (85).
If the distribution F (b3) is sufficiently wide, viz.,
piσ3/δ & 1, (92)
where σ3 is a characteristic width of the distribution F (b3), then the coherent radiation of twisted photons
is concentrated near the harmonics
k0 = 2piχnβ3/δ, χn > 0, n ∈ Z, (93)
with the halfwidth
∆k0 . β3/σ3. (94)
In fact, condition (92) ensures that harmonics (93) do not overlap. For example, for the Gaussian distribution,
F (b3) =
e−b23/(2σ23)√
2piσ3
, (95)
we have
F˜ (p) = e−p
2σ23/2. (96)
If σ3 is large, then F˜ (p) is concentrated in a small vicinity of the point p = 0. At the n-th harmonic (93)
induced by the bunch profile, we obtain the coherent amplitude
Aρ(s,m, k3, k⊥) = ϕ¯n(k⊥σ⊥)A(0; s,m− n, k3, k⊥). (97)
Due to condition (93), the zeroth harmonic c0 of the Fourier series (85) and the respective interference factor
ϕ¯0 do not give a considerable contribution to the amplitude of the coherent radiation. Thus we see that for
sufficiently long helical bunches the strong addition rule is fulfilled: the spectrum of twisted photons over m
produced by one particle is shifted by n for the coherent radiation of helical bunches, where n is the signed
number of the coherent harmonic.
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This property can be employed to design pure sources of twisted photons. As we have already discussed
in the previous section, the forward radiation of one particle that was moving rectilinearly and uniformly
and then has stopped instantaneously or, vice versa, was at rest and then has increased its velocity up
to some nonzero value consists of twisted photons with m = 0 [33]. Therefore, performing such a motion,
the helical bunch of particles radiates the twisted photons with m = n at the n-th harmonic (93). The
analogous situation takes place for any one-particle radiation produced by an induced current symmetric
with respect to rotations around the detector axis. In that case, the radiation of twisted photons by one
particle is concentrated near m = 0 [33]. Apart from the edge radiation mentioned, such a symmetry is
inherent, for example, to the current density induced by a charged particle in an isotropic media when
the particle moves along the detector axis. Therefore, the forward coherent VCh and transition radiations
produced by a helical bunch are concentrated at harmonics (93) and consist of the twisted photons with
m = n at the n-th harmonic. The total probability to record a twisted photon was already found by us and
is given by formula (45) with n = 0.
Notice that the VCh radiation generated by twisted electrons and incoherent Gaussian bunches of them
was studied in [9, 27]. The property we have discussed above is valid for the coherent radiation of twisted
photons produced by the usual plane-wave charged particles. As far as transition radiation is concerned,
the generation of twisted electromagnetic waves was discussed in [2, 18] for the radiation of a helical bunch
striking a metal foil. There was mentioned, in particular, the analog of the addition rule for this radiation.
Nevertheless, we should stress that the both addition rules we have deduced are formulated for the projection
of the total angular momentum and not for the orbital angular momentum of radiated photons. For example,
the transition radiation at the first coherent harmonic (93) for χ = 1 consists of twisted photons with m = 1.
Even in the paraxial approximation, n⊥  1, when the orbital angular momentum can be introduced as
l = m− s, the twisted photons with m = 1 do not possess the orbital angular momentum l = 1. Therefore,
in contrast to [2, 18], transition radiation at the first harmonic (93) does not consist of photons with l = 1.
The summation over helicities s results in the mixture of photons with l = 0 and l = 2. In a certain sense,
one may say that the spectral line l = 1 is split into two l = {0, 2} due to the spin of a photon. The same
observations apply to the radiation produced by helical bunches in undulators discussed below (see also Figs.
6, 7).
In a general case, for wide distributions F (b3) satisfying (92), the incoherent contribution to the radiation
probability is also simplified. As follows from (87), the Fourier harmonics that enter into fm,m−k are strongly
suppressed for k 6= 0. Therefore, the incoherent contribution to the radiation probability is almost the same
as for round bunches of particles. Using relation (42), we find that the total probability to record a twisted
photon at the n-th harmonic (93) is
dPρ(s,m, k3, k⊥) ≈ N
∞∑
j=−∞
fm−jdP1(s, j, k3, k⊥) +N(N − 1)|ϕ¯n|2dP1(s,m− n, k3, k⊥), (98)
where dP1 is the corresponding probability of radiation by one particle moving along the bunch center. Then
∞∑
m=−∞
dPρ(s,m, k3, k⊥) = N
[
1 + (N − 1)|ϕ¯n|2
] ∞∑
m=−∞
dP1(s,m, k3, k⊥), (99)
and
`ρ = `1 + n
(N − 1)|ϕ¯n|2
1 + (N − 1)|ϕ¯n|2 , (100)
where `ρ and `1 are the projections of the total angular momentum per photon for the radiation produced
by a helical bunch of particles and by one particle, respectively. When the coherent contribution dominates,
we obviously have
`ρ ≈ `1 + n, (101)
in accordance with the strong addition rule. When the coherent contribution is suppressed, we obtain `ρ ≈ `1,
in agreement with the sum rule (35).
In order to observe an intense forward coherent radiation generated by a helical bunch in undulators,
it is necessary that harmonics (93) overlap with the corresponding harmonics of the undulator radiation
[30, 34, 79]
kn0 =
nundω
1− n3υ3 + nundω/P0 ≡
k¯n0
1 + k¯n0 /P0
⇔ 1
kn0
=
1
k¯n0
+
1
P0
, (102)
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Figure 6: The radiation probability distribution over m for a helical bunch of electrons moving in the helical wiggler. The
Lorentz factor is γ = 500, the undulator strength parameter is K = 5, and the undulator period is λ0 = 2 cm. The parameters
of the bunch are the same as in Fig. 1 with the exception that now the bunch is helical (85) and has the different waist. The
dependence of the coherent contribution on the waist of the electron bunch is clearly seen. The coherent radiation of twisted
photons obeys the strong addition rule and the sum rule (100) for any photon helicity s. Notice that for n⊥ < K/γ the radiation
of twisted photons with s = 1 dominates, while for n⊥ > K/γ the twisted photons with s = −1 prevail [34]. For n⊥  1,
the orbital angular momentum l = m− s can be introduced. Therefore, the peak m = 10, for example, corresponds to twisted
photons with l = 9 for n⊥ < K/γ and to twisted photons with l = 11 for n⊥ > K/γ.
where nund is the harmonic number of the undulator radiation, P0 = mγ, and k¯n0 is the energy of nund-th
harmonic of the undulator radiation without quantum recoil. Since β3 ≈ 1, the helix pitch δ should be
a multiple of the radiation wavelength. For example, in the dipole regime, the n-th harmonic (93) of the
coherent radiation of a helical bunch has to coincide with nund-th harmonic of the undulator radiation
2pi
δ
χn =
2ωγ2nund
1 + n2⊥γ2
, n⊥γ . 1. (103)
For simplicity, we neglected the quantum recoil in this formula. According to the strong addition rule, the
radiation at this harmonic consists of twisted photons with m = {n − 1, n + 1} (see Fig. 7). This shift of
distribution over m was used in [3] to produce twisted photons in the planar undulator at the first harmonic.
If the undulator is helical, then the strong addition rule entails that the radiation consists of twisted photons
with m = n± 1, where the sign is determined by handedness of the helix along which the electron is moving
in the undulator. As for helical wigglers, we obtain the condition
2pi
δ
χn =
2ωγ2nund
1 +K2 + n2⊥γ2
, n⊥γ ∼ K, (104)
where K is the undulator strength parameter. The coherent radiation of a helical bunch in the helical wiggler
at the n-th harmonic (93) consists of twisted photons with m = n ± nund, where the sign depends on the
wiggler helicity (see Fig. 6). The total radiation probability is given by formula (45).
Another one constraint on the bunch parameters follows from the form of the coherent interference factor
ϕ¯n(k⊥σ⊥). For a small argument, we have
ϕ¯n(x) = (−1)(n−|n|)/2
∞∑
l=0
(−1)l
l!(|n|+ l)!
(x
2
)2l+|n|
Mn(2l + |n|+ 2) ≈ (−1)(n−|n|)/2Mn(|n|+ 2)|n|!
(x
2
)|n|
, (105)
i.e., the contribution of the n-th harmonic (93) to the radiation amplitude is suppressed at small x. For large
x, the coherent interference factor also tends rapidly to zero: if ρ(b) is an infinitely differentiable function,
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Figure 7: The radiation probability distribution over m for a helical bunch of electrons moving in the planar undulator. The
Lorentz factor γ = 235, the undulator strength parameter K = 1.29, and the undulator period is λ0 = 3.3 cm. The parameters
of the electron bunch are the same as in Fig. 1 with the exception that the bunch is helical (85) and possesses the different
waist. The radiation at the first undulator harmonic is considered. We see that for n⊥ 6 K/γ the coherent radiation dominates.
This radiation obeys the strong addition rule and the sum rule (100). For such n⊥, the orbital angular momentum l = m − s
can be introduced. Thus, the twisted photons with l = {−1, 1, 3} are present in the radiation summed over helicities s. However,
for n⊥ 6 K/(2γ), the twisted photons with l = 1 dominate. This explains why in [3] a clear interference pattern was observed
only in a small vicinity of the origin.
then ϕ¯n(x) tends to zero faster than any power of x−1 as x→∞. Hence, in order to generate a considerable
radiation of twisted photons, one needs to impose the condition
σc⊥ . σ⊥ . max(1, xmax(n))σc⊥, k⊥σc⊥ := 1, (106)
where xmax(n) is the value of x where |ϕ¯n(x)| reaches its maximum. The estimates of xmax(n) for particular
bunch profiles are given below. It turns out that xmax(n) depends severely on the transverse profile of the
bunch: the faster ρ(b) drops to zero as |b⊥| → ∞, the faster xmax(n) grows as n increases. For small n,
xmax(n) is of order of unity. If σ⊥  σc⊥, then the probability of coherent radiation of twisted photons by a
helical bunch at the n-th harmonic is suppressed by the factor (σ⊥/σc⊥)
|2n|. For small |n|, this suppression is
not very strong and only the fulfillment of the second inequality in (106) is relevant.
4.2 Electromagnetic wave
Now we turn to the case of the forward coherent radiation created by helical bunches (85) in the field invariant
under translations (14) with β⊥ = 0 and θ = {0, pi}. The coherent interference factor reads
ϕm = F˜
(
− ζk0 1− ζn3
1− ζβ3 − χm
2pi
δ
)
ϕ¯m(k⊥σ⊥), (107)
where ζ := cos θ = ±1. Then the amplitude of the coherent radiation becomes
Aρ(s,m, k3, k⊥) =
∞∑
j=−∞
F˜
(
− ζk0 1− ζn3
1− ζβ3 − χ(m− j)
2pi
δ
)
ϕ¯m−j(k⊥σ⊥)A(0; s, j, k3, k⊥). (108)
All what was said about the radiation of twisted photons by helical bunches in the fields invariable under
translations (12) is fully applicable to the case at issue. In particular, the both addition rules mentioned
above are satisfied. The only difference consists in the spectrum of the coherent radiation of the bunch,
which now looks as
k0 = −ζχn2pi
δ
1− ζβ3
1− ζn3 , ζχn < 0, n ∈ Z, (109)
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Figure 8: The probability of radiation of twisted photons produced by the electron bunch with γ = 100 in head-on collision
with the circularly polarized electromagnetic wave produced by CO2 laser with the wavelength 10 µm, the intensity 1018 W/cm2,
and the amplitude envelope f0 sin4(Ωξ/(2N)) with N = 20. The parameters of the electron bunch are the same as in Fig. 7 with
the exception that the bunch has the different waist and the number of particles. The coherent radiation dominates, the strong
addition rule is satisfied, and the sum rule (100) is fulfilled. The energy of photons is measured in the electron rest energies,
0.511 MeV. The dependence of the radiation probability on k0 and n⊥ is depicted for m taken at the maximum, i.e., m = 5. On
the left panel: The number of particles in the bunch is 3× 108. On the right panel: The number of particles in the bunch is 200.
where n is the signed number of the coherent harmonic. The halfwidth of spectral lines is of order
∆k0 . σ−13
1− ζβ3
1− ζn3 , (110)
and condition (92) has to be met. At the n-th harmonic (109), the amplitude of coherent radiation of a
twisted photon has the form (97). The zeroth harmonic c0 of the Fourier series (85) does not considerably
contribute to the amplitude of coherent radiation. On the other hand, the incoherent interference factors
fm,m−k are virtually zero for k 6= 0 and are determined solely by the the zeroth harmonic c0. The total
probability to record a twisted photon produced by the helical bunch of particles at the n-th harmonic (109)
is given by formula (98) and the projection of the total angular momentum per photon is equal to (100).
In particular, the strong addition rule for radiation of helical bunches in the laser wave with circular
polarization says that the projection of the total angular momentum of a twisted photon radiated at the
n-th harmonic (109) ism = n±nlas, where nlas is the harmonic number of radiation produced by one particle
in the laser wave and the sign in front of nlas is determined by the laser wave helicity (see Figs. 8, 9). In this
case, the total probability to record a twisted photon is described by formula (45).
For ζ = 1, in the case of forward radiation in a laser wave with smooth envelope, the radiation spectrum
has the form [34]
k0 ≈ Ωnlas
[
1 +
n2⊥
4υ2−
(1 +K2)
]−1
, nlas = 1,∞, (111)
where υ− := γ(1 − β3) = const and K := f0/(meΩ) is the undulator strength parameter. Here f0 is the
amplitude of the laser wave strength field,me is the mass of a charged particle, and Ω is the energy of photons
in this wave. Then, in the ultrarelativistic regime, the harmonics of coherent radiation (109) coincide with
(111) when
− 2pi
δ
χn
n2⊥γ2
≈ |Ω|nlas
1 + n2⊥γ2(1 +K2)
. (112)
The constraints on σ⊥ are obtained by substitution of (111) into (106). In particular, in the wiggler case,
K & 3, for the optimum value of n⊥ [34],
n⊥ = 2υ−/K ≈ 1/(γK), (113)
we come to
− χnK2 2pi
δ
≈ |Ω|
2
nlas, σ
c
⊥ ∼ γK/k0. (114)
As is seen, δ should be of order of the radiation wavelength times K2. The optimum value of σ⊥ has to be
approximately the radiation wavelength times γK. Besides, the length of the interaction region is of order
L = σ3/(1− β3) ≈ 2σ3γ2. (115)
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Figure 9: The same as in Fig. 8 but in the case when the electromagnetic wave overtakes the electron bunch. The parameters
of the electron bunch are the same as in Fig. 8 with the exception that the bunch has the different waist and the helix pitch,
and the number of particles 3× 108. The surface of constant one-particle probability density is depicted in Fig. 5. The coherent
radiation dominates, the strong addition rule is satisfied, and the sum rule (100) is fulfilled. The energy of photons is measured
in the electron rest energies, 0.511 MeV. The length of the interaction region is L = 3 m. The dependence of the radiation
probability on k0 and n⊥ is depicted for m taken at the maximum, i.e., m = 8 for the left panel and m = 12 for the right panel.
It, of course, should be much smaller than the corresponding size of the experimental facility. The plots of
the radiation probability in this case are presented in Fig. 9.
For ζ = −1, the radiation spectrum of the forward radiation is given by [28, 29, 34, 35]
k0 ≈ Ωnlasυ
2−
1 +K2 + n2⊥υ
2−/4
, nlas = 1,∞, (116)
where υ− := γ(1 + β3) = const. As a result, we have the condition
2pi
δ
χn ≈ 4|Ω|γ
2nlas
1 +K2 + n2⊥γ2
. (117)
Hence, δ should be of order of the radiation wavelength. The optimum value of σ⊥ is found from (106). In
the wiggler regime, K & 3, n⊥γ ≈ K, and we obtain
2pi
δ
χn ≈ 2|Ω|γ
2
K2
nlas, σ
c
⊥ ∼
γ
k0K
. (118)
Thus, in the wiggler regime, the optimum value of σ⊥ is of order of the radiation wavelength times γ/K. For
σ⊥  σc⊥, the radiation probability of twisted photons is suppressed by the factor (σ⊥/σc⊥)|2n|. For small
|n|, this suppression is rather weak and the waist of the particle bunch is constrained only by the second
inequality in (106). The plots of the radiation probability in this case are given in Fig. 8.
4.3 Explicit expressions
Let us find the explicit expressions for coherent interference factors ϕ¯m(x) for the simple radial profiles cm(r)
considered in the previous section.
a) Uniform distribution (60):
ϕ¯m(x) = αm(−1)(m−|m|)/2
2J|m|+1(x)
x
, (119)
where x = k⊥σ⊥. For x = γ|m|+1,k, k = 1,∞, where γ|m|+1,k are zeros of the Bessel function, the coherent
interference factor vanishes, i.e., the radiation of twisted photons with such k⊥σ⊥ is absent. For small x, it
follows from general formula (105) that
ϕ¯m(x) ≈ αm (−1)
(m−|m|)/2
|m+ 1|!
(x
2
)|m|
+ · · · . (120)
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When x  max(1, |m|), the coherent interference factor behaves as ϕ¯m(x) ∼ x−3/2 and the respective
contribution to the radiation probability decreases as x−3. Since the distribution ρ(b) corresponding to (60)
is not smooth at |b⊥| = σ⊥, ϕ¯m(x) tends to zero at large argument only as a power. Nevertheless, its
contribution to the radiation probability decreases faster than the incoherent contribution does for large x.
This example shows that sharp edges of the probability distribution ρ(b) improves the coherent properties
of hard photon radiation. The plots of ϕ¯m(x) for different m are presented in Fig. 10.
For large |m|, the maximum of |ϕ¯m(x)| is located at
xmax(m) ≈ γ′|m|+1,1 − 0.62(|m|+ 1)−1/3 + · · · , γ′|m|+1,1 ≈ |m|+ 1 + 0.81(|m|+ 1)1/3 + · · · , (121)
where γ′|m|+1,1 is the first positive zero of J
′
|m|+1(x). Some properties of the extrema of (119) can be found
in [80]. The maximum value [81],
|ϕ¯m(xmax(m))|/|αm| ≈ 1.35|m+ 1|−4/3, (122)
tends rather fast to zero at large |m|.
b) Gaussian bunch (64):
ϕ¯m(x) = αm(−1)(m−|m|)/2x|m|e−x2/2. (123)
For small x, we obtain
ϕ¯m(x) = αm(−1)(m−|m|)/2x|m| + · · · . (124)
For x  max(1,√|m|), the coherent interference factor tends rapidly to zero. The maximum of |ϕ¯m(x)| is
located at
xmax(m) = |m|1/2. (125)
The maximum value,
|ϕ¯m(xmax(m))|/|αm| = e|m|(ln |m|−1)/2, (126)
grows as |m| increases. The plots of ϕ¯m(x) are given in Fig. 10.
c) Exponential profile (75):
ϕ¯m(x) = αm(−1)(m−|m|)/2 2√
pi
(2x)|m|Γ(|m|+ 3/2)
(1 + x2)|m|+3/2
. (127)
For small x, we have
ϕ¯m(x) ≈ αm(−1)(m−|m|)/2 2√
pi
Γ(|m|+ 3/2)(2x)|m| + · · · . (128)
For x 1, the coherent interference factor behaves as
ϕ¯m(x) ≈ αm(−1)(m−|m|)/2 2
1+|m|
√
pi
Γ(|m|+ 3/2)x−|m|−3. (129)
The powerlike decrease law is a consequence of the fact that the first derivative of the probability density
ρ(b) corresponding to (75) possesses a discontinuity at b = 0. Nevertheless, |ϕ¯m(x)| quickly diminishes as x
increases. The function |ϕ¯m(x)| reaches its maximum at
xmax(m) =
√
|m|
|m|+ 3 < 1. (130)
For large |m|, the maximum value,
|ϕ¯m(xmax(m))|/|αm| ≈ |m|e|m|(ln
|m|
2
−1), (131)
rapidly increases as |m| increases. The plots of ϕ¯m(x) for different m are presented in Fig. 10.
d) As for generalized exponential profile (79), we deduce [72]1
ϕ¯m(x) = αm(−1)(m−|m|)/2
√
2
pi
x|m|λ|m|+3/2(1 + x2)−|m|/2−3/4K|m|+3/2
(
λ
√
1 + x2
)
. (132)
1Notice that formula [(2.12.1.6), [72]] contains misprints (cf. [(2.12.23.2), [72]]).
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Figure 10: The normalized coherent interference factor ϕ¯m(x)/αm for different bunch profiles. The thin black lines on the
right plot depict the normalized coherent interference factor for the generalized exponential profile with λ = 2/3.
For λ = 0, expression (132) is reduced to (127). Notice that the Macdonald function entering into (132) is
expressed through elementary functions. For small x, we, evidently, have
ϕ¯m(x) ≈ αm(−1)(m−|m|)/2
√
2
pi
x|m|λ|m|+3/2K|m|+3/2(λ) + · · · . (133)
For x 1, λx max(1, |m|), we obtain
ϕ¯m(x) ≈ αm(−1)(m−|m|)/2λ|m|+1e−λx/x2. (134)
Thus, for large x, the coherent interference factor tends rapidly to zero. When ν → +∞, the following
asymptotic representation takes place [81]:
Kν(z) ≈
√
pi
2ν
( ez
2ν
)−ν
. (135)
Substituting this expression into (132), we see that expressions (127) and (132) coincide in the limit |m| → ∞.
Therefore, for large |m|, |ϕ¯m(x)| reaches its maximum at the point (130). The maximum value of |ϕ¯m(x)|
for large m is given by formula (131). The plots of ϕ¯m(x) for different m and λ and their comparison with
the coherent interference factor for the exponential profile are presented in Fig. 10.
4.4 Generalization
Let us consider the forward coherent radiation of a particle bunch with an arbitrary profile ρ(b) moving in
the field that is invariant under translations (12) with β⊥ = 0 and θ = {0, pi}. Developing the one-particle
probability density as a Fourier series
ρ(b) =
∞∑
n=−∞
cn(b⊥/σ⊥, b3)einψ, c∗n(b⊥/σ⊥, b3) = c−n(b⊥/σ⊥, b3), (136)
and substituting it into (8), we obtain
ϕm = 2piσ
2
⊥
∫ ∞
0
drrc˜m(r, k0/β3)Jm(xr), (137)
where x := k⊥σ⊥ and
c˜m(r, k0/β3) =
∫
db3cm(r, b3)e
−ik0b3/β3 , c˜∗m(r, k0/β3) = c˜−m(r,−k0/β3). (138)
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The kernel c˜m−n(r, k− p) is Hermitian positive-definite with respect to the variables (m, k), (n, p). Then the
amplitude of the coherent radiation becomes
Aρ(s,m, k3, k⊥) =
∞∑
j=−∞
ϕm−j(k⊥σ⊥)A(0; s, j, k3, k⊥). (139)
As we see, the forward coherent radiation of a particle bunch (136) obeys the addition rule discussed above.
In order to obtain a pure source of twisted photons, we demand that ck(r, p) are concentrated near the
points p(i)k , i = 1, nk, and the peaks of ck(r, p) do not overlap for different k. Due to the symmetry property
(138), the following relation holds
p
(i)
k = −p(i)−k. (140)
Then, the addition rule leads to the strong addition rule, i.e., the coherent radiation at the photon energy
k0 = β3p
(i)
k , (141)
where only positive p(i)k are taken, consists of twisted photons with m = j+k, where j is the projection of the
total angular momentum of twisted photons radiated by the particle moving along the center of the bunch.
Performing the inverse Fourier transform of ck(r, p), it is not difficult to see that this situation happens when
ρ(b) is a superposition of helical bunches (85) with different δ and χ. This source of twisted photons is pure
when the one-particle amplitude is lumped near some total angular momentum projection l = l0.
Similarly, the forward coherent radiation produced by a bunch of particles moving in the field invariant
with respect to translations (14) with β⊥ = 0 and θ = {0, pi} can be considered. The analysis is quite
analogous and we do not dwell on it here.
5 Conclusion
Let us sum up the main results. We derived simple formula (7) for the probability to record a twisted
photon produced by a cold relativistic bunch of charged particles. This formula includes both incoherent
and coherent contributions and allows one to describe the radiation produced by bunches of particles using
only the one-particle radiation amplitude. Of course, such a simple approach is valid only in the case when,
initially, the particles in the bunch have almost the same momenta and the interaction between them can be
neglected on the radiation formation scale.
Then we particularized the general formula to the two cases: the bunch of particles strikes a stationary
electromagnetic field, which is invariant with respect to translations perpendicular to some distinguished
vector on the scale of the bunch waist; the bunch of particles hits a propagating electromagnetic wave, the
electromagnetic wave being plane in the vicinity of the bunch. Eventually, we consider only the forward
radiation, when the bunch falls normally onto the constant external field surfaces and the direction of its
initial motion is parallel to the axis of the twisted photon detector. Notice that, in all these cases, the parallel
transport of the particle trajectory is a symmetry of the Lorentz equations with such fields.
The coherent and incoherent contributions prove to depend on the corresponding interference factors (8).
We investigated separately the properties of these interference factors. In particular, we generalized slightly
the sum rules for the incoherent radiation presented in [10]. As an example, we considered the radiation
produced by cold relativistic particle bunches in a dispersive isotropic medium (the edge, transition, and VCh
radiations) and in undulators and wigglers. In particular, we found that for the edge, transition, and VCh
radiations, and for the radiation by bunches of particles in the helical undulators and wigglers the incoherent
contribution to the radiation of twisted photons is determined solely by the zeroth Fourier harmonic of the
bunch distribution with respect to the azimuth angle, i.e., the probability of incoherent radiation is the same
as for round bunches studied in [10]. As for planar undulators and wigglers, we obtained that the odd Fourier
harmonics of the bunch distribution with respect to the azimuth angle do not contribute to the incoherent
radiation of twisted photons. Hence, in this case, the incoherent radiation is the same as for the bunch
symmetric under the reflection with respect to the detector axis. This property is valid for arbitrary energies
of twisted photons produced by planar undulators. However, at large energies, it is universal.
Namely, we obtained the general asymptotics of the incoherent interference factor in Sec. 3.5 and it turned
out that, at large photon energies, the contribution of odd Fourier harmonics of the bunch distribution with
respect to the azimuth angle is suppressed in comparison with the contribution of even harmonics. Therefore,
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at large photon energies where the incoherent contribution dominates, we have the same situation as in the
case of planar undulators (see Figs. 1, 2). The explicit expressions for the incoherent interference factor for
several simple bunch profiles were also derived in Sec. 3.5 so that the general asymptotics at high energies
was explicitly confirmed.
As for the coherent part of radiation, we established in Secs. 4.1, 4.4 the addition rule that holds for
the coherent radiation by arbitrary bunches of particles moving along parallel trajectories. In general, the
coherent radiation depends severely on the bunch profile. Therefore, to be more specific, we restricted our
consideration to the case of helical bunches [2, 3, 6, 18, 19, 25, 26, 76–78]. The addition rule applied to
sufficiently long helical bunches results in the strong addition rule stating that the spectrum of twisted
photons over the projection of the total angular momentum m produced by one particle is shifted by n,
where n is the signed harmonic number of coherent radiation produced by the helical bunch (see Sec. 4.1).
Similar, but not exactly the same, observations were made in [2, 3, 6, 18, 19, 25, 26] in studying the properties
of radiation produced by helical bunches (see Figs. 6, 7). This property can be employed for elaboration of
bright pure sources of twisted photons. We investigated several examples of radiation produced by helical
bunches including the edge, transition, and VCh radiations, the helical undulator radiation, and the radiation
generated by charged particles in the laser wave with circular polarization (see Figs. 8, 9). In these cases,
we revealed the sum rules for the total probability to a record a twisted photon (99) and for the projection
of the total angular momentum per photon (100). In Sec. 4.3, we obtained the explicit expressions for the
coherent interference factor for simple bunch profiles. This allowed us to find the optimum parameters of a
helical bunch to generate the twisted photons.
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